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Aggregetion problemsin the non-inter active equilibrium theory of markets

Undergraduate ingtruction in economics normdly puts as follows the proposition that, in competitive
markets with profit-maximising aomigtic firms, equilibrium price equals margind cos.

Firgly, demand @), profit (1), total revenue (TR=P-q) and total cost (TC) are defined as
functions of quantity (g for theindividud firm, Q = 2 q for the indudtry). For an individud firm, profit
istherefore:

A. Ti(q) = P(Q)g- TC(q) )

Next, given the assumed properties of P(Q) and TC(q), it is asserted that profit is maximised
where the firgt derivative of profit is zero, and as profit maximisers, al firms are assumed to produce
thislevel of output in equilibrium:

Mmax (X) : P(Q) +q-P'(q) - TC'(q) =0 (2)

Findly, the assumption is made that the individua competitive firm is so smdl reative to the entire
industry that the derivative of market price with respect to its output q is zero:

Pa) =2 =0 3
Given this assumption, margind revenue equals market price for the individual competitive firm:
MR(@) = TR (@) = P(Q) (4)

Profit for the competitive firm is therefore maximised when its margind cost (MC(qg) = TC'(q))
equals the market price:
MC(q) = P(Q) = MR(q) (5)
However, as Stigler showed in 1957, the dope of the demand curve for the individud firm
cannot be zero, but isinstead identical to that for the market (Stigler 1957: 8). His expression of this

was succinct:
dp _ dp dQ _ dp (6)
dgi dQ dqg;i dQ

Thus the demand curve for the individud firm can only be horizontad if the market demand curve

itsdf is horizontd. However, Stigler proposed a reformulation of margina revenue for the individua
firm which he aleged showed that the individud firm’'s margina revenue converged to price as the
number of firms in an industry incressed. He began with <& = 4G and then worked with the

smplification of identical output levels (Q = n- ) to derive:
d p.g)= dP
da (P-qi)=P+q

Q
_p,QPdP (7)
=P*+*T P40
_ P
=P+ A E
where E = %% Isthe market dadticity of demand. Curioudy writing this out in full English as
MarginalRevenue = Price+ NumberofSeIIef&ﬁarketElasticity (8)

he argued that “this last term goes to zero as the number of sdlers increases indefinitely” (Stigler
1957: 8). If this were true, then for the very large number of firms that are necessary for the model
of perfect competition, “margind revenue equds price’ would be drictly fase, but a reasonable
gpproximation to the truth.

However, it is obvious from (7) that % = qg—g, and therefore the only conditions under which

Stigler's supposition could be true are that g — 0, or that g—g — 0.1 If ingtead q is Strictly grester than
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zero and g—g <0, then n%"E will not go to zero as n - oo, because changesin E and P will exactly
counterbalance changes in n. This can be made obvious by subgtituting Q/q = n into Stigler’s find
line

P _ P
F)+n><E_P+2 pdQ
q°QdpP 9)

Thefind line of (9) is of course the same as RHS of thefird line of (8). If there isaminimum firm
Szeq = gmin > 0, then the gap between market price and the firm's margina revenue is completely
independent of the term n. As an illudiration, consder a linear demand curve, with n identical firms
each producing gmin Units of outpuit:

P=a- bQ
_Q
r]_qmin
_PdQ_a-bQ -1
P a- bQ

=-Qgminb

The difference between market price and own-output margind revenue is thus a congant,
regardiess of the number of firmsin the indudtry, and is equd to the minimum feesible firm sze times
b — the linear equivaent to Stigler's more generd term in (7). Given that b>0 (and in generd
g—g <0), the only way tha price can equa margind revenue is if the representative firm in the
industry produces an infinitesma output.

This is a commonplace assumption — derived from the propostion that an infinite number of
firms produce a finite output — in the literature on the convergence of Cournot/Nash equilibrium to
the competitive equilibrium (Novshek & Sonnenschein 1983; Mas-Coldl 1983; Novshek 1985;
and others). However, this assumption raises insurmountable logica problems, both for the theory of
exchange and for the concept of diminishing margind productivity.

With respect to the theory of exchange, if each firm produces an infinitesmd output, then a
consumer has to purchase dl the output of a (lesser) infinity of producersin order to acquire asngle
unit of a commodity. The consumer mugt then integrate this infinity of infinitesmas to produce the
single unit, thus making the consumer into a producer.

The consumer is dso dearly in a monopsony postion with respect to the infinity of firms from
which it purchases, which raises further logicd conundrums. Any attempt to counter this by
presuming that each consumer isin turn an infinitesmd part of demand for each firm rapidly reduces
the theory to the leve of farce.

With respect to the theory of production, an essentid aspect is diminishing margind productivity
due to the existence of fixed cogts in the short run. If there were no fixed costs then dl inputs would
be variable, diminishing margina productivity could not occur, and margind cost would therefore be
congtant. Yet for the output of the representative firm to be infinitesmd, fixed costs must be zero.
The assumption of a limit of zero output for the individud firm is therefore inconsstent with fixed
cogts and diminishing margind productivity.
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We therefore contend that any propositions derived from the assumption of infinitesma output
levels should be inadmissible in economics. There must be some minimum size for the firm qmin > 0
S0 that fixed costs exist, and so that the firm’s customers are not in a near-monopsony position with
respect to it.

Given the exigence of a minimum firm sze, % does not converge to zero as n - oo, but
becomes a congtant once this minimum size is reached. For a numericd example, congder an
industry with a linear demand curve given by P =100- mQ and technology such that the
output of minimum sze firm is gmin = 1000. % will fal asnrises until suchtimeasq= % reaches
this minimum scele: from that point on, ~= = qming—g = - 5i5- While- 53555 isdearly small, it is
not zero, and therefore own-output margina revenue for the individud firm must be less than the
market price.

Stigler's argument therefore does not jugtify the propositions that margina revenue converges to
price for the individuad competitive firm, or that equating margind codt to price is in the limit a profit
maximisng equilibrium. However, Stigler’s andysis is srongly related to a proposition first put by
Cournoat, that the market equilibrium converges to the competitive equilibrium as the number of firms
rises, if each firm equates its own-output margina revenue and margind cost.2

This propaosition is true, but there are two fundamenta problems with using it either to model
non-interactive profit-maximising behaviour, or to underwrite the relevance of perfect competition.
Firdly, equating own-output margind cost to own-output margind revenue is not profit maximisng
in a multi-firm industry. Secondly, a firm cannot be presumed to know its own-output margina
revenue without requiring each firm to possess complete information about the behaviour of other
firms
1 Profit maximisation in a multi-firm industry
Leaving adde the second problem for the moment, if every firm equates its own-output margind
revenue to its margina cogt, then industry output will converge to the perfectly competitive leve as
the number of firms increases. However, it is easly shown that this is profit maximisng behaviour
only for a monopoly, because only then is the firm’'s margind revenue exclusively determined by its
own output. In a multi-firm indudry, total revenue for the ith firm is a function of its own output g;
plus that of the rest of the firms in the industry Qg, so that a change in the firm’s revenue can be
described as:
dTR(Qr, i) = (& P(Q)- ¢ )dQr + (a%, P(Q)- Qi)in (11)

Without knowledge of the output variation decisons of al other firms, agngle firm in a multi-firm
indudtry is therefore not able to identify changes in its totd revenue that are exclusively the result of
vaiations in its own output. However it is possble to work out a generd profit-maximisation
formulafor the sngle firm by establishing the aggregate industry output level that would result if each
firm in the indudtry did equate its margina codt to its own-output margina revenue. In this derivation
we continue with 3—; = 3—5, and assume congtant identic margina costs (MIC(q;) = MC). This

assumption isjudtified later in the paper, and the results generdised to differing risng margina cods.
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L@ <a- 16@)) =3P +a @) - L 1c@)
=nP(Q)+ X aP(Q) - S M

= nP(Q)+d—dQP(Q) >.q.- n-MC

(12)
= nP(Q)+Q%P(Q)- n-MC
- d
=(n- 1)P(Q)+(P(Q)+Qd—QP]- n- MC
=(n- 1)P(Q) +MRQ)- n-MC
=0
This can be rearranged to yield
MR(Q) - MC =- (n- 1)(P(Q)- MC) (13)

Since price exceeds margina cost, the second term on the RHS of (16) is postive, while -(n-1)
is negative for n>1. The RHS is thus negative, indicating that industry margind cost exceeds
margind revenue if each firm equates its own-output margina revenue to margind cost. Equating
own-output margina cost to margind revenue is therefore profit maximising only for a sngle firm
industry (where n=1). In multi-firm industries, setting own-output margind revenue equa to
margina cost ignores the fact that the firm's true margina revenue is affected not only by its own
output, but aso by the outputs of dl other firms.

A profit maximising firm facing congtant margina costs should therefore be able to deduce thet to
maximise its profits, it should produce where its own-output margina revenue exceeds its margind
cos. This concluson, which generdlises to any firm facing “well behaved” demand and cost
functions, of course contradicts along-held belief in economics?®
2 The equilibrium profit maximisation rule for a multi-firm industry
We use the aggregate relation under Cournot output levels to work out the profit-maximising output
leve for the individud firm. Since producing where own-output margind revenue equas margina
codt results in industry marginal cost exceeding margina revenue by (n- 1)(P(Q) - MC), a reason
able deduction is that to maximise profits, each firm should produce an output where the gap
between its own-output margina revenue and margina cost equas 1/n times this aggregate excess
of margina cost over its marginal revenue (we now write MC(qj;) in place of MC since the result will
be generdised to differing quantity-dependent margina cost functions):

MR (g) - MCi(g) = %+ (P(Q) - MCi(g)) (14)

This formula obvioudy works for a monopoly, where it confirms that a monopoly maximises
profit equating it margind cogt and margind revenue. For a multi-firm indudry, it indicates that
industry output will be the same as for a monopoly regardiess of the number of firms. We know
from (12) that the LHS of (14) sumsto (n- 1)P(Q) + MR(Q) - n- MC. Summation of the RHS
yieds
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[P P@- MCi(g))] =

M:

S [PQ)- al g[mc«qi)]

)
L

_1
. 15
=0-1h.p(Q)- Z o

=(n- 1)-P(Q- (- 1)-MC

The only output level under which these summations are consistent is where MR(Q) = MC: the
“monopoly” output level where aggregate margina revenue equas aggregate margina cost.

We illudrate this outcome and generdise it to differing margina cost functions by consdering
firdly the n-firm case with identicad congtant margind costs and a linear demand curve
P(Q) = a- bQ, secondly a duopoly with linear tota cost functions (k; +ciq;), and findly the
generd formula for firms with a well-behaved market demand function and differing margind cost
functions.

Condgder n identicd firms each producing g units a a congant margind cos MC; = c. If every
firm produce the Cournot output level, then

MR - MC; =P- bg- c=0
a- bQ-bg-c=0
bng+bg=a- ¢ (16)
__a-c
q= b(n+1)

— —-_nh a-=¢
Q=NI=14T1 b

If, on the other hand, every firm produces the profit-maximisng amount given by (14), then we
have that in equilibrium:
MR - MC; = P- bg- c= 2L (p- ¢)

_P-c

9= "bn
_a-bng-c (17)
- bn

1
q=75"7p 1and

1
Q=nq=595%

The monopoly leve of output thus gpplies, regardiess of the number of firmsin the indudtry.

In the duopoly case with differing margind codts, the profit functions for the two firms are:
I1(q1) = (@- blg1 +92))q1 - (k1 +c101) (18)
I12(q2) = (a- blg1 +92))gz - (k2 +c202)

Asiswell known, the Cournot equilibrium levels of output in this Stuation are:

[ ] 1 a- 201+cz

(19)

1 a+cl 2c2

2a- (C1+cz) 2 ac

Totd maket output is Q=q1+Q2 = ,andif ¢y =cp=c, thisis 5, which is

larger than the monopoly leve of 1 a € Accordlng to our guidelines however, profit maximisng
firms should st the derivatives of these proflt functionsto:
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dop (M) = 3(P(ar +az2)- c1)

(20)
4 (My(q2)) = L (P(@1 + 02) - c2)
dqz 2\Q2 2 q1 + 02 2
The solutions to these equations are:
o 1 2a- 301+c2
[ ] 1 2a+cl 3c2 I (21)

and the sum of th&e two amountsis

Cl+°2
Q=1 +QR=—7%— (22)
This quantity is evldently less than the Cournot leve, and equivdent to the output of a monopolist
if ¢1 = ¢, = ¢, with the attendant maximum leve of profit. This result scaes to the n-firm case with
differing congant margind cogt functions.
The formulae for an n-firm indusry with any “well-behaved” demand and margind cost
functions are:

1 P- MCi(g)
i =4 S

- dQ

n
(P-4 3 MCi@))
Q= aP
- &

We emphasise that these results are achieved not through collusion, but through rationa
nor-interactive profit maximisng behaviour. The “monopoly” level of output is reached by
non-interacting firms independently working out the production level which yidds them the highest
equilibrium leve of profit — assuming that they know their own-output marginal revenue. In
gragphicd terms, this means that the point of profit maximisation for an individud firm in a multi-firm
indudtry is not given by the point of intersection of the margind cost and margina revenue curve, but
by the location a which the gap between marginal revenue and margind cost equals L times the
gap between price and margind codt. Figure 1 illustrates this:

(23)

Page 7



Aggregation problems in the non-interactive equilibrium theory of markets

Figure 1. Graphical illustration of true profit maximisation point.
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Though derived with respect to a Sngle market without entry, this profit-maximisation formula
a o gpplies to multi-market models with entry, Since it is obvious that the profit maximising condition
MR (q)- MCi(g;) = %2 (P(Q) - MCi(gi)) will apply in al industries Free entry (Novshek
1980) will therefore not change the outcome that each i Qdustry will converge to the monopoly
solution, regardless of the number of firms; if the condition igl MCi(gi) = n- MC holds. We return to

the interpretation of this shortly.

3 Theinformation problem

The problem with the above andyss (and with much of game theory) is thet it presumes afirmin a
multi-firm industry can identify the change in its tota revenue that is exdusvely the product of
changes in its own output. This assumption is only sustainable if either (&) own-output margina
revenue is a known congtant independent of changesin own output or (b) the firm has knowledge of
the output decisons of dl other firms. Condition (&) has been decided in the negative above. Condi-
tion (b) would endble the firm to differentiate changes in its revenues that emanate from its own
actions from those that emanate from the actions of others. However, it requires “competitive’ firms
to act semi-collusvely, by sharing information on what their output decisons are, yet not to act
collusvely otherwise. This “schizophrenic-monopoly” condition is hardly compatible with the mode-
ling of competitive behaviour, whether this presumes non-interactive or interactive (game theory)
postures.

If this information condition is rgected, then it isimpossble for firms to identify their own-output
margind revenue curves (though they can be assumed to know their marginal cost functions). All
they can dois“grope’ in output/revenue gpace amongst dl the other “groping” firms in the industry,
varying output in some agorithmic way in an atempt to maximise profits. The question as to the
output/price combination this process converges to, and whether it is dependent on the number of
firmsin the industry, can be answered by computer modelling.

We take our lead here from Friedman 1953, who argued that economic agents do not
conscioudy solve the optimisng formulae taught to students — whether that of the conventiona
belief or the correct formula provided in (14) — but that any agent who did not behave “asif” it was
doing thiswould fail. Giving the example of expert billiard players, Friedman argued that:
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“Excdlent predictions would be yieded by the hypothess that the hilliard
player made his shots as if he knew the complicated mathematica formulas ..., and
could then make the bdls trave in the direction indicated by the formulas. Our
confidence in this hypothess ... derives rather from the belief that, unless in some
way or other they were cgpable of reaching essentidly the same result, they would
not in fact be expert billiard players.” (Friedman 1953 21)

We now pose the question: if afirm smply “groped”’ for aleve of output on the bads of whether
its profit rose or fell, would its output level converge to where its own-output margind revenue
equalsits margind cogt, and therefore industry output converge to where price equas margina cost
as the number of firms increases? Or would each firm produce where its own-output margina
revenue exceeds its marginad cost as in equation (14), so that industry output converges to the
monopoly level where aggregate margina revenue equals margind cost?

We condder this question usng three programs a smple “blind groping” dgorithm where dl
firms commence from the Cournot output leve (Figure 2); a second where firms begin with
randomly dlocated initid outputs and the experiment is repeated multiple times (Figure 3); and a
third, multi-agent implementation

In Program One, firms begin with a specified leve of output, and a specified amount by which
they al ater output in a search for the levd that returns the maximum profit. The search procedure
followed independently by each firm is to change output in an initidly randomly determined pogtive
or negative direction. If this change in output increases profit, then the firm continues dtering its
output in this direction; if it reduces profit, then the firm dters direction. The dgorithm is repeated a
large number of times by each firm.

Figure 2. Program One: fixed step size from specified initial output level
Mkt(n,initid ,gepsize ) := |F -~ matrix(n, 1, M)>nitid
dq = dgn (rnorm(n, 0, 1) )>stepsize
A a8l con) 6
for il 0..2tound C C(_)( +
edepsze g

Quantity - é F

Profit - P(Quantity i)>4=- tc(F)

F- F+dqg

Profit g - PR FOF - tc(P)
e o

\

%0 ¥ ¥a ¥a ¥ ¥a ¥a ¥a ¥a ¥a 3R
dg - (sgn (Profit g - Profit A >dq)
Quantity
Our hypothetical industry has the following linear demand curve:
P(Q) =100~ 55500006 Q (24)
Our example uses a congtant cost production function, with of course the same function for al firms:
TC(g) =50q (25)
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With these parameters, the profit maximising level of output for a monopoly is 2,500 million units
a aprice of 75, while the quantity at which price equas margind cogt is 5,000 million units & a
price of 50. In the smulations shown in Figure 3, dl firms begin with the output leve predicted for
the specified number of firms by the accepted formula (equation (16)). Each firm then varies its
output by stepsize (50,000 for the duopoly, 10,000 for the ten and hundred firm case, and 1,000
for the thousand firm smulation). As Figure 3 shows, in al cases the aggregate output and price
converge to the monopoly solution from the Cournot.

Figure 3. Convergenceto Monopoly equilibrium from Cournot “equilibrium”
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Program Two (Figure 4) assgns arandom initid production level to each firm (bounds are st to
avoid aggregate output levels that could result in an initidly negative market price). Each firm works
out its profit, and makes a random change in its output level. If this change in output decreases its
profit, the firm changes its output in the oppodte direction, but by a smdler amount. The same
process is repeated on subsequent iterations. If accepted theory is correct, the point of convergence
should be a function of the number of firms, with a single firm converging to the monopoly vaues
and a many-firm industry converging towards perfect competition. 50 runs were undertaken, and the
initial and final aggregate quantities and prices cal culated.

Figure 4. Program Two: multiple runs, random initial outputs, diminishing stepsize
Mkt(n,m,l) := | for jT 0. m
F- roundﬁnomré?w, A pe ! QM , QM 99
e e 2n 21 gy

Quantlty ini. 7 é F
J

)
O
<
O:
(@

dg = roundCrnornCn,0,——=+
e e

for iT 0.1
VoYa Yo YaYaYaYa MR
e PR FOF - (RO
ee 2 a
F- F+dq

Profit

VoYY Y Yo Ya Yo SR
Profit o = PR FOF - to(mO
ee (4] 4]
?%34?/4%%:%%%%:%%? [ -
dq—|

sign ProfitIoost - Profit pre)>dd xT

. [
Quant|tyj - a F

augment(Quanti Y inis Quantity)

As Figure 5 shows, output and price converge to the monopoly level no matter how many firms
arein theindustry.
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Figure 5. Initial and final output for different numbersof firmswith constant marginal cost
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Table 1 shows the mean and standard deviations for find prices and quantities. While the
munti-firm output levels were higher than those for the monopoly, there was no tendency for the
number of firms to be positively corrdated with the market leve of output, and in al cases the price
and output levels were much closer to those predicted for a monopoly than even those predicted for
a duopoly — let done the perfectly competitive levels. This indicates thet, in line with Friedman's
billiard players, our non-interactive firms have behaved as if they were following equation (14),
rather than the conventionally believed equating of own-output marginad revenue to marginal cost.
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Table 1. Mean and standard deviations of price and quantity in Program Two

Price Quantity

Mean Stdev Mean Stdev
1firmr 75 1.42 2,524,265,631 141,788,991
2 firms 72.4 9.56 2.755.783,129 056,017,286
10 firms 71.9 2.68 2,810,743,977 267,519,760
100 firms 71.8 1.12 2,823,338,331 112,474,569
1000 firms 72.1 0.91 2,793,353,392 91,467,180

Program Three (see Figure 6 for the firm behaviour program fragment), implemented in the
agent-based environment EcolLab,® crestes a market containing a number of firms initidised to the
Cournot production level. At each time step, the market provides the price to each firm and asks it
what its production is for the next time step. After summing up the production levels for dl agents, it
cdculates a new price from the demand function P(Q). Each firm performs a hill-dimbing agorithm,
changing production levels in the direction of increasing profit, but with a probability parameter
irrationality that it will in fact change production in the opposite direction.

With irrationality=0, eventudly al firms sart decreasing production synchronoudy, with dl
firms experiencing risng profits until the aggregate market production and price equa the monopoly
vaues. With irrationality>0, then occasonaly some firms will break ranks with the others and
increase production. They thus gain market share (and increase profit) at the expense of the other
firms. However, this parameter has little effect on the overadl behaviour of the market until it is
greater than around 40%. This issue will be explored further in a later paper on the game-theoretic
implications of our andyss.

Figure 6. Program Three sample code

double firm::production(double price)
{
double last_profit=prev_production* price - cost(prev_production);
if (last_profit-prev_profit==0) delta=0;
ddlta= (last_profit-prev_profit)>0? delta: -delta;
if (ratrand & & irraiondity>0 & & irrationdity>ratrand->rand())
delta=-ddlta;
prev_production+=delta;
if (prev_production<0) prev_production=0;
prev_profit=last_profit;
return prev_production;
}

All three programs thus support our conjecture thet rationa profit maximisers will produce where
their own-output margina revenue exceeds margind cost as per equation (14), and that market
output will converge to the monopoly leve regardless of the number of firms.

4 Rising marginal cost and aggregation

These results may be thought to be an artifact of the assumption of congtant costs. Smulations with
risng margina costs do indeed give results where competitive industries produce a grester output at
alower cog, but this gpparent confirmation of the theory is due to a condition that must be fulfilled
for margina cost curves to be aggregated. The results differ, not because industry output converges
to the perfect competition ided of price equa to margina cost as the number of firms rises, but
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because with diminishing margind productivity, the cost function for a monopoly necessaxily differs
from the sum of cogt curves in an industry with more than one producer.

Fgure 7 compares the totd cost and profit curves for a sngle firm industry and a ten firm
indusry where ech firm has the same risng totd cost  function
TC(g) = 10,000,000 + 50q + 5x 10 °q2. It is apparent thet, given the same functiond form for the
tota cost curve, the sum of the tota cost curves for the ten firm indudtry is lower than the total cost
curve for the angle firm industry. The higher level of output of the multi-firm industry occurs because
of lower aggregate cods for the many-firm instance than for the monopoly, given the same nonlinear
cost function. This returns us to the interpretation of the aggregation condition used earlier to derive

equation (12), that é MCi(gi) = nx MC.

Figure 7. Total revenue and aggregate total cost functionsfor different numbersof firms
with risng marginal cost
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In order to make a definitive comparison between monopoly and a competitive market, the
margina cost curve for the monopoly must be identica to the sum of the margind cost curves for the
competitive market. If cost curves differ, definitive priceloutput comparisons cannot be made
because it is quite possible for a monopoly to produce a larger quantity a a lower price than a
competitive industry because of lower costs (Schumpeter 1942: 81-83). It is easlly shown that this
condition of identicad margind cogt functions is only possible where dl firms have identica constant
margind costs.

The condition that the margind cogt curve of a single plant® and the sum of margina cost curves
for two or more plants must be identical is smultaneoudy the condition that their margina products
must be identicd — since differences in margind product are the only dlowable source of
differences in per unit cost. If the margina product curves are identical, then total product curves
can only differ by a congtant. If we take labour as our variable factor of production, then output is
zero at zero input, and the constant can be set to zero.

We can put this condition into the following form: given the same number of variable inputs, the
output of the sngle plant must be identical to the sum of the outputs of the other plants. If we
condder (without loss of generdity) a multiple firm indugtry with n firms, each having one plant
employing x workers, then for the aggregate cost curve to be identica to that of the monopoly, the
output of these n firms must be equa to the output of the single plant firm employing nx workers.
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Using f for the production function of the comptitive firms, and g for the production function of the
monopoly, this condition is Euler's Equation with a constant of zero:
n-f(x)=gln-x)
or (26)
n-x
f(X) = g( n )

The only production functions that satisfy this condition are ones that yield identica constant
margind product, and therefore identica congtant margina cost. Differentiating both sides of (26) by
nyidds
f(x) =x-g'(n-x)

This gives us a second expression for f. Equating these two definitions yidds:
ginx _ . (28)

i =X-d(n-x)

Making the subdtitution of u = n - x, thisyidds an expresson involving the log of the differentid of

(27)

g

gu) _ d _1

Jw = nu) =g (29)
Integrating both sdesyidds.

In(g(u)) = In(u) + ¢ (30)

Teking exponentias and subgtituting, it is obvious that g must be a constant returns production
function:

gh-x)=C-n-x (31)
It follows from (25) that f isthe same congtant returns production function:
fx) =22 = c.x (32)

Thus only in the case of congtant identical margind products will the margind cost curve of a
sngle plant be identica to the sum of the margind cost curves of two or more plants. If diminishing
margind productivity gpplies, then the cogt functions must differ, and no definitive output, price or
welfare comparisons can be made between one industry structure and any other.

Furthermore, if economies of scae exist and gpply to variable as well as fixed costs (larger plants
can afford more specidised machinery dlowing less wastage of variable inputs, more joint
production, etc.), then more concentrated markets with smaler numbers of plants will have lower
average fixed and margina cost structures than more competitive markets with a larger number of
plants. Given our result that the equilibrium output for the industry will be where MR(Q) = MC(Q)
regardiess of the number of firms, these lower margind costs will trandate into lower prices and
higher output levels, with obvious if unquantifigble implications for consumer wdfare. In contrast to
conventiona belief, the neoclassicd equilibrium theory of the firm prima facie implies that more
concentrated industry structures should be preferred over more competitive ones on welfare
grounds.

Of course, whether this theoretical conjecture carries over to the real world depends on whether
the standard assumptions of the theory apply in redlity.

5 Thereal world

Numerous researchers (Eiteman 1947 et seq., Haines 1948, Means 1972, Blinder et a. 1998 —
see Lee 1998 and Downward & Lee 2001 for surveys) have shown that the vast mgjority of actua
firms have production functions characterised by enormous fixed costs and congant or faling
margina cods. This cost dructure, which is described as “naturd monopoly” in academic literature
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and portrayed as an exception to the rule of risng margind cost, actudly appears to be the empirica
redlity for 95 per cent or more of red firms and products.

In generd, these empirica researchers concluded that firms determine their prices by a markup
on variable codts, with the size of the markup reflecting partly by the need to cover fixed cods a a
levels of output wel within the current production capacity of the firm, the degree of competition (so
that empirica research gives some grounds by which a more competitive industry can be preferred
to aless competitive one), the desire to finance investment and/or repay debt with retained earnings,
and the impact of the trade cycle. Price is set by the firm prior to the market, and the firm attempts
to sdl as much of its output as it can a this price. Firms produce competing but heterogeneous
products, and the main form of competition between firmsis not price but product differentiation (by
both marketing and R& D). Once aminimum saes level has been achieved, each new unit sold adds
sgnificantly to profit, and this continues out to the last unit sold — so that margind revenue is dways
ggnificantly above margind cod.

Means coined the term “the administered price thess’ for this perspective on the pricing
behaviour of the firm (Means 1972), while the competitive behaviour is consonant with the dynamic
theory of competition and creative destruction proposed by Schumpeter (1936).

6 Conclusion

Our results cal into question much of supply and demand andysis, to the extent that it is based upon
non-interactive profit-maximising behaviour (whether game theory provides an independent founda-
tion for supply and demand andysis is a separate issue). The proposition that the individuad firm
maximises profit by equating its margind revenue and margind cost is true only for a monopoly. For
multi-firm industries, setting own-output margina revenue to be greater than marginad codt is the
proper rule for profit maximisation, and the generdly believed formulais a specid case rdevant only
when n = 1. Firm output is not determined by the intersection point of margind revenue and margina
cogt, but by the locus a which the gap between these two curves equas L times the gap between
price and margina cost (where n isthe number of firms).

At the partid equilibrium levd, the well-known result that a supply curve cannot be derived for a
monopoly generdises to any industry structure. It can no longer be argued that price is set by the
intersection of supply and demand, but a best that output is determined by the intersection of
industry margina revenue and margina cost, and the market price is st by the demand curve a this
quantity.

At the generd equilibrium leve, the incompatibility of the assumption that price equas margina
cost with profit maximising behaviour means that any modd that makes this assumption must now
judtify it on the basis of interactions between agents which results in them producing more than the
profit maximiang level. Wdfare comparisons between different industry structures cannot be made
in the context of diminishing margina productivity, and wefare theorems that rely upon both profit
maximising behaviour and the equdity of margind cost and price are dso prima facie invdid — as
are those that rely upon individud firms equating margind cost and margind revenue in a multi-firm
industry. The conventiona theory of the firm is therefore, to borrow a phrase from Kirman, an
“empty citadd”. What then should replace it?

Marshdl once famoudy remarked that an economist should “(1) Use mathematics as a shorthand
language, rather than as an engine of inquiry. (2) Keep to them till you have done. (3) Trandate into
English. (4) Then illugrate by examples that are important to red life. (5) Burn the mathematics. (6)
If you can't succeed in 4, burn 3. This last | did often” (Marshdl, cited in Pigou 1925: 427).
Modern economics has not to date followed this advice, and in fact the professon has a history of
ignoring empirica research — something akin to Marshal's step 4 — which contradicts its modd of
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the firm (the propogtion that this research could be ignored was an important aspect of Friedman
1953). We surmise that this failure to recognise empirica data that did not conform to the accepted
modd was in pat due to the bdief that the mathematics behind the theory of the firm was
incontrovertible (but see dso Moss 1984). We hope we have demondtrated that this is not so. In
this Stuation, the only sensble goproach is to develop a theory of the firm which conforms to the
subgtantia but neglected literature on the pricing, output and competitive behaviour of actud
corporations.
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1 Thelatter condition isfeasibleif industry output tendsto infinity, but this givesrise to obviouslogical
conundrums for atheory of prices.

2 This proposition isindependent of the game-theoretic/Nash-equilibrium interpretation of Cournot’s
argument.
3 Whether game-theoretic interactions might induce afirm to produce at alevel greater than that which

maximises profitsis aseparate issue: our primary concern in this paper isthe classic “non-interactive” analysis of
monopoly versus competitive markets.

4 These programs are available at http://parallel .hpc.unsw.edu.au/getaeqi sdist.cqi/getbranch/firmmodel.
5 Ecolab and supporting documentation is avail able at http://parallel.hpc.unsw.edu.au/ecolab.
6 We consider plants here rather than firms since the only interesting comparison is where physical

production systems differ rather than merely ownership. If asingle firm were able to convert acompetitive
industry into amonopoly by buying all plantsin anindustry and centralising their management, then it could
easily apply equation (14) and set each plant’s marginal revenue above its marginal cost.



